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An approach for the optimal configuration and sequencing of complex batch-distilla-
tion processes is presented. The proposed method is based on formulating a mixed-logic
dynamic optimization problem in which a performance index is minimized subject to a
disjunctive dynamic model and constraints. The disjunctive model comprises a given set
of equipment modules, such as stacks of trays of different size or feed and product
vessels, available for the distillation process under consideration along with logical rela-
tionships provided by the design context. The optimization based on this model may
yield unconventional design and operational strategies, and thus improve the economic
efficiency to a significant extent. The logic-based solution technique proposed in this
work offers some favorable properties when compared to established mixed-integer dy-
namic optimization problem solution techniques reported in the literature. The design of
a multistage batch-distillation process serves as an example to illustrate the proposed

modeling and solution method.

Introduction

Batch distillation is frequently encountered in the specialty
chemicals and pharmaceutical industries due to its high flexi-
bility. Classic operating policies for batch distillation columns
are characterized by either a constant reflux strategy with
variable product composition or a variable reflux strategy
where the key component in the product is held at constant
composition. However, the most profitable batch operation is
obtained when the distillation column is operated under opti-
mal reflux. Optimal reflux strategies are usually determined
by minimization of the operating costs (or economic profit
maximization) subject to dynamic process models.

Besides the flexibility in terms of operational strategies, the
transient nature of batch distillation allows for a number of
different column configurations, such as regular, inverse,
middle, or multivessel designs. Moreover, multifraction and
multistage operation involving cuts and recycles are further
alternatives. These emerging designs, combined with differ-
ent possible operating modes, provide a wide flexibility and
economic potential, but result in demanding optimization
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problems due to the combined discrete and continuous na-
ture of the decision variables (Kim and Diwekar, 2001).

Methods that simultaneously address the structural design
and the determination of operational strategies of transient
reaction and separation processes in chemical engineering
have been proposed by several authors, including Barrera and
Evans (1989), Salomone and Iribarren (1992), Mujtaba and
Macchietto (1996), and Bhatia and Biegler (1996). Allgor and
Barton (1997) and Sharif et al. (1998) formulate the design
problem as a mixed-integer dynamic optimization (MIDO)
problem that incorporates both process dynamics and dis-
crete decision variables in a superstructure model.

In this work, we propose a mixed-logic dynamic optimization
(MLDO) approach for batch distillation design. MLDO is a
method based on generalized disjunctive programming (Ra-
man and Grossmann, 1994) that simultaneously addresses the
optimal design of the structure and the operational strategies
of a batch distillation process. It will be demonstrated that
this optimization problem formulation is a rather natural and
intuitive choice to represent the design problem. Using the
MLDO approach, a batch distillation process is represented
by a set of available equipment modules. Each module is de-
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scribed by a set of differential-algebraic equations that are
formulated through disjunctions in order to mathematically
express all possible design configurations and sequencing op-
tions together with the associated logical relationships. Obvi-
ously, this leads to a special type of dynamic optimization
problem that cannot be solved with standard solution tech-
niques. We therefore propose a tailored logic-based solution
algorithm in this article.

A typical application would be the design of a multistage
batch distillation process, for which a fixed number of
columns, several stacks of trays, and basic instrumentation
are available from the company’s warehouse or an existing
plant. This view of the design problem restricts the potential
design alternatives to those that are economically most at-
tractive. From a mathematical point of view, the modular de-
sign strategy helps reduce the number of disjunctions, and
thus limits the combinatorial complexity. But still, the total
number of design alternatives involved in the disjunctive pro-
cess model will generally be too high to solve the MLDO
problem without an algorithm that avoids full enumeration of
the discrete decision space.

In the following section we present how the design prob-
lem considered in this article can be formulated in a rather
natural way as a MLDO problem. Subsequently, we briefly
review how the MLDO problem can be solved using a num-
ber of alternative solution approaches. These approaches re-
quire a transformation of the MLDO into an equivalent
MIDO problem. A logic-based solution algorithm is then
proposed that directly exploits the MLDO representation.
Basic properties of the proposed algorithm are identified by
means of an illustrative example problem.

Problem Formulation

A batch process, being inherently transient, comprises vari-
ous time-continuous degrees of freedom, such as the reflux
ratio or heat duty, in case of a batch distillation column. These
control variables can be used to minimize a performance in-
dex, commonly termed objective function, which is formu-
lated for the batch process considered. The objective func-
tion covers the operating and investment costs of the plant.
The optimal trajectories of the control variables are, in gen-
eral, time-variant and, in fact, good suboptimal profiles are
rather hard to determine by trial and error using simulation
experiments. Additionally, optimal trajectories of batch pro-
cesses are often discontinuous. For these reasons, dynamic
optimization techniques have been widely used for optimal
trajectory design.

If, however, the batch process structure or parts thereof
are not predetermined, additional degrees of freedom can be
used to further improve the process performance. These ad-
ditional degrees of freedom are of a discrete nature, since
they represent the existence or nonexistence of a batch pro-
cess unit or a part thereof, such as the tray of a batch distilla-
tion column (Sharif et al., 1998). Discrete decisions could be
incorporated into the mathematical model by introducing bi-
nary variables y €{0,1}"> to form a superstructure model. The
binary variables can be interpreted as special time-invariant
parameters that are restricted to adopt discrete values of ei-
ther 0 or 1.
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Batch process units can be connected to each other in two
different ways. First, they can be interconnected through
streams in the case of parallel operation in time. An optional
stream between two units of the batch process, such as a dis-
tillation column and an intermediate product tank, can easily
be incorporated into the mathematical superstructure by an
algebraic equation.

Whereas stream connections are also known from continu-
ously operated plants, batch process operation additionally
often comprises a sequence of distinct operational tasks. A
typical example for such a multistage process is a batch distil-
lation column, which is fed with the product of a batch reac-
tor (Charalambides et al., 1995). Note that this type of inter-
connection is defined for distinct time instants only. There-
fore, the dynamic model is subdivided into n, stages that rep-
resent the batch-process tasks. The (optional) connection be-
tween the process stages is expressed mathematically in terms
of stage transition conditions.

The development of mathematical superstructure models
is by far no trivial task, and the model formulation will have a
major impact on the properties of the numerical solution
method employed (Williams, 1999). For these reasons, con-
siderable effort has been spent in defining ways to build su-
perstructure models that are as generic as possible and to
develop tailored numerical solution algorithms. Raman and
Grossmann (1994) proposed to employ logic-based super-
structure models involving disjunctions expressed by Boolean
variables Y € {True, False}"v. Each Boolean variable value Y;,
i=1,...,ny, is related to a disjunctive term comprising con-
ditional equations and constraints that represent a unit of the
process under consideration.

A disjunctive model representation reveals a close relation
to the batch process design task since it captures the qualita-
tive (logical) and the quantitative (equations) part of the de-
sign problem in a direct way (Grossmann and Hooker, 2000).
In fact, disjunctive models were shown to have a number of
favorable properties in the context of process synthesis of
continuously operated plants (Raman and Grossmann, 1994).
Tiirkay and Grossmann (1996) have developed tailored solu-
tion algorithms that exploit the structure of the disjunctive
models.

Inspired by these results, we transferred the basic ideas of
disjunctive programming to the dynamic case and, hence, state
the following mixed-logic dynamic optimization problem that
involves n batch process stages with the stage counter k € K
={1,...,n}

ng ny
min  ®:= Y O (z,(1)p.1)+ L b (1)
k=1

2 (), u (0),p 1Y i=1

sit. fo(Z8(0).z, () ui (1)) =0, €[t .1], kEK
(2

1(21(19),21(1),p) = 0 3)

gi(z () up(t),pt) <0, t€[t,_.t,], kEK

4)

gi(z (1) u(t),pst) <0, k€K &)

2 () —m(z(t).p) =0, k€K, (6)
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Y,

qk,i(z.lf(t)azk(t)auk(t)’p’t)=0
telt ] kek
si(21 (10),21(2).p) =0
rii(2e () ui(2),pt) <0
telt_,t.], k€K
rii(zi(t)u () .pot) <0, k€K
st =2fo(t) — v (z(1).p) =0, k€K,

b=
-,
T
vV Bk,i["f(t):PT,zf(tk—1)T:Zk(t)r] =0
telt_t.], k€K
b;=0
i=1,...,ny (7
Q(Y)="True ®)

where z;, € R"= denotes the vector of differential and alge-
braic state variables for stage k. Time-invariant parameters
and Boolean variables are represented by p €R"» and Y €
{True, False}", respectively, while control variables are de-
noted with u, € R"«. f, € R"x represents the set of differ-
ential-algebraic equations (DAEs) with a differential index of
at most 1 (cf. Eq. 2). We assume that the equation system can
be transformed into semi-explicit form by simple algebraic
manipulations. The initial conditions for the first stage are
given in Eq. 3 by l. Stage transition conditions (Eq. 6) are
used to map the differential state variable values z{ across
the stage boundaries. The indices of these conditions are col-
lected in the set K, ={1,...,n, —1}. Inequalities 4 and 5,
comprising g, and g, are used to enforce path and end point
constraints. The objective function ® € R in Eq. 1 covers the
operating costs ®, € R induced by each batch stage k as well
as the investment costs b;. Without loss of generality, ®, is
formulated as a Mayer-type objective function and evaluated
at the final time, ¢,, of each batch stage. Although not stated
explicitly, control variables u,(¢) might be included in ®,
through auxiliary state variables and additional model equa-
tions (Biiskens, 1998).

Whereas fy, I, g;, &%, and ® hold globally, there are fur-
ther equalities g, ;, inequalities r; ;, rf ;, and stage transition
conditions included in the disjunctions (Eq. 7) that are only
enforced if the corresponding Boolean variable Y, is True.
Otherwise, a subset of the system variables, time-invariant
parameters, initial values of differential states, as well as fixed
investment costs, b;, for nonexisting units are set to zero.
Thus, B, ; is a square diagonal matrix with constant 1- or
0-valued matrix elements. Note that, although end point con-
straints g and rj; are formally stated as inequalities, these
constraints may also be explicitly formulated as equalities.

Commonly, the Boolean variables Y themselves are partly
related through propositional logical expressions (Egs. 8) as
proposed, for example, by Raman and Grossmann (1994). A
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typical logic expression, termed implication, would be

Y,

regular

=~ Yinverse (9)

to express that if a regular mode of operation is chosen
(Y:eguiar = True), the batch column cannot be operated in-
versely (Y, .. = False). Logical expressions, such as the im-
plication in Eq. 9, are usually transformed into a representa-
tion Q(Y)=True, which involves logical operations only.
Such a representation of Eq. 9 could be stated as (Raman
and Grossmann, 1992)
Q)= Y,

regular

VY,

inverse ~ True (10)
One generally aims at logical expressions of the form in Eq.
10 due to the fact that they can be easily transformed into an
algebraic representation, as will be shown in the subsequent
section. A large portion of the combinatorial complexity of
the MLDO problem is governed by these logic relationships,
a fact that will become obvious in conjunction with the illus-
trative example problems presented later. Besides the two-
term disjunctions shown in Eq. 7, a generalized representa-
tion of disjunctions involving multiple terms will be used to
mathematically express alternatives to sequence and config-
ure a batch distillation process. This will be shown in con-
junction with an illustrative example problem.

Note that, with a fixed choice of Boolean variables Y, given
control variables wu,, parameters p, and initial values
z{(t;_ ), the combined set of DAESs, f;, g,;, the correspond-
ing initial conditions I, s;, and stage transition conditions (cf.
Egs. 2, 3, 6, 7) are assumed to uniquely determine the state-
variable vector z,(¢).

The optimization problem (Egs. 1-8) can be solved using a
number of different approaches. A review of approaches re-
ported in the literature is provided in the next section in or-
der to be able to classify the proposed method in the section
titled “Logic-based solution approach”. These approaches are
based on a reformulation of the MLDO problem into a MIDO
problem.

Solution Approaches via MIDO

A MIDO problem formulation, which is equivalent to Eqgs.
1-8, can always be obtained by a reformulation.

Reformulation as a MIDO problem

A mixed-integer dynamic optimization problem is obtained
by replacing the Boolean variables with binary variables y €
{0,1}"» and by representing the disjunctions (Eq. 7) either us-
ing big-M constraints (for example, Williams, 1999) or a con-
vex-hull formulation (Balas, 1985; Tiirkay and Grossmann,
1998). The use of big-M constraints is illustrated by the refor-
mulation of the inequality constraints r, ;(u,(¢),t) <0 in Eq.
7, which is here assumed to be independent of process states
and parameters for the sake of simplicity. With Mgy and
u; o, U ¢ being constants with a sufficiently large absolute
value, we obtain

rk,i(uk(t)at) <Mgi(1-y;) (11)
U eyi<u(t) <upqy; (12)
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By substitution of y; =1 into Eq. 11 it can be seen that the
constraint r, ; <0 is enforced. Otherwise, if y; =0, r,; is un-
constrained for an appropriate choice of M/« and a subset
of the variables u, is set to zero (Eq. 12).

Both reformulation techniques are well-known in the con-
text of mixed-integer nonlinear programming (MINLP) for the
synthesis of process flow sheets. The basic concepts can also
be applied to problems involving dynamic process models like
the MLDO problem stated earlier. Thus, by employing big-M
constraints for each disjunction in Eq. 7, we can state the
following multistage mixed-integer dynamic optimization
problem that corresponds to Egs. 1-8

ng Ty
min O:= ) D, (z(1) st ) + Y b (13)
k=1

23 (O, u (O, p 1,y i=1

s.t. Egs. 2-6 (14)
M1 ) < g (2002, (1).p.1) < MfE(1- 3,)
teltt], kek
Mg(l-y) < si(if(to)’zl(to)ap) <My(1-y;)
ri(2i(8)sui (2),p,t) < Mti(1—y;)
te[t_,t.], k€K
e (2 (6w (1),p51) < M (1)
ke K
Myg(1-y) <z, ((4) = v (2 (8).p) < Mi(1—y;)
kekK, (15)
r 1T
[Z/Z,JZ’ ui g, Pe> Z;cl,,e] Yi
T T T
< Bk,i[zk(t) cup (1), phsz (4 1)]
T
<[zlulpl 2]y, (16)
tet_i, 4], kEK,
bi=v;y;,i=1,...,n,,
Ay <d (17)

In this formulation the Boolean variables Y are replaced by
the binary variables y(n, = n,). The binary variables are used
together with big-M constants to mathematically express the
logic relationship between Boolean variables and constraints
contained in the disjunctions (Eq. 7).

As shown, for example, by Tiirkay and Grossmann (1996),
propositional logic constraints (Egs. 8) formulated for the
mixed-logic optimization problem can be expressed in terms
of linear constraints (Eq. 17), including binary variables in a
MIDO problem formulation. Again considering the example
presented in conjunction with the MLDO problem formula-
tion, where an inverse mode of operation is excluded from
the set of alternatives in case the column is operated regu-
larly (cf. Eq. 9), we would here state the linear inequality

(18)

1- yregulur +1- Yinverse = 1
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or equivalently

yregular + Yinverse = 1 (19)
in order to obtain an algebraic representation instead of a
logical expression. The inequality in Eq. 18 can be deduced
directly from Eq. 10.

Overview of solution methods for MIDO problems

Direct solution methods for dynamic optimization prob-
lems without discrete variables are capable of solving a broad
class of problems, including applications governed by large-
scale DAE systems (Ishikawa et al., 1997; Abel et al., 2000).
They convert the time-continuous dynamic optimization
problem into a finite-dimensional nonlinear programming
problem (NLP) by discretization. The corresponding solution
approaches can be divided into simultaneous and sequential
methods. The former discretizes both state and control vari-
ables, leading to a large-scale NLP problem (Cuthrell and
Biegler, 1987, Leineweber et al., 2003). Commonly, this
method is also termed full discretization approach. Within the
sequential or control vector parameterization method (Kraft,
1985) only control variables are discretized, while state vari-
able trajectories are determined by solving the dynamic model
constraints as an initial value problem.

By using one of these direct approaches, the mixed-integer
dynamic optimization problem (Egs. 13—17) can be converted
into an algebraic problem that then forms a mixed-integer
nonlinear program (MINLP) instead of an NLP. Fortunately,
a number of solution methods are available for solving
MINLP problems (Grossmann, 2002; Floudas, 1995). In fact,
these algorithms were shown to be suitable for solving prob-
lems of considerable size. However, all of them suffer from
the fact that they inherently rely on the convexity of the
MINLP, which does not hold true for almost all practical ap-
plications.

MINLP algorithms reported in the literature can be di-
vided into two classes. They are based either on enumeration
or on decomposition. The former class comprises complete
enumeration of the whole discrete decision space (which is
only tractable for problems with a small number of discrete
variables) and branch-and-bound-type methods (Nemhauser
and Wolsey, 1999; Floudas, 1995). Branch-and-bound-type
methods relax the problem in Eqs. 13—17 continuously, that
is, the binary variables are allowed to take real values be-
tween 0 and 1. The relaxed problem is then solved in order
to provide a lower bound to the solution of the optimization
problem. Subsequently, different strategies can be applied to
fix subsets of the binary variables in the nodes of a search
tree. Parts of the search tree can be cut off, if the current
solution is infeasible or greater than a known upper bound to
the solution of the optimization problem, or if the continu-
ously relaxed binary variables take discrete values 0 or 1. The
(global) optimal solution is found when all binary variables
take discrete values {0,1} and the relaxed dynamic optimiza-
tion problems are solved to (global) optimality in all the nodes.
A branch-and-bound solution strategy for MIDO problems
was proposed recently by Buss et al. (2000).

On the other hand, decomposition methods are based on
decomposing the optimization problem into two subprob-
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lems, which are solved in an iterative manner. Outer Approxi-
mation (OA) (Duran and Grossmann, 1986; Kocis and Gross-
mann, 1987; Viswanathan and Grossmann, 1990; Fletcher and
Leyffer, 1994) and Generalized Benders Decomposition (GBD)
(Geoffrion, 1972) are two well-known decomposition algo-
rithms, which have been used, for example, by Schweiger and
Floudas (1997) and Bansal et al. (2002) to solve MIDO prob-
lems of considerable size.

In this work we focus on the OA method, where the primal
subproblem, a dynamic optimization problem with fixed bi-
nary variable values, is solved to yield an upper bound, Zd,
for the optimization problem (Egs. 13—17). Subsequently, a
linear outer approximation of the overall mixed-integer prob-
lem is utilized within the master subproblem [a mixed-integer
linear programming (MILP) problem] to provide a lower bound
to problem in Eqs. 13-17 and a new set of binary variables
for the next primal subproblem. After a finite number of iter-
ations, the nondecreasing lower bound and the minimum of
all upper bounds ZZ:= min( Z.ﬁ), £=0,...,L, approach
each other up to a specified tolerance € at the optimum value
of the optimization problem (Egs. 13—-17), given the problem
under consideration is convex. In practical applications, in
which the problem generally is assumed to be nonconvex, ter-
mination within an e-tolerance cannot be expected, and a
heuristic stopping criterion has to be employed instead, such
as to stop when there is no decrease in two successive primal
solutions Zd&. To tackle this problem, an extension of the
OA algorithm, termed Augmented Penalty, has been pro-
posed by Viswanathan and Grossmann (1990). Moreover,
convexity tests can be applied to “validate” linearizations ac-
cumulated in the master problems [for more information, re-
fer to Grossmann (2002)]. These extensions have been shown
to work reasonably well for a number of nonconvex prob-
lems. However, in either case, there is no guarantee that the
global optimum is located within a finite number of itera-
tions. In order to circumvent this restriction, global solution
algorithms for nonconvex problems of a relatively small size
have been developed (Adjiman et al., 2000). Large-scale
problems will not be tractable by these algorithms in the near
future due to their high computational burden.

Allgor and Barton (1997) proposed an alternative ap-
proach where the MIDO problem is solved by iterating be-
tween two design subproblems, recipe design and equipment
allocation. The recipe design problem constitutes a dynamic
optimization problem that assumes a fixed process structure,
and, thus, fixed discrete (binary) decision variables. However,
in contrast to the approaches based on MINLP, Allgor and
Barton (1997) generate the equipment allocation subprob-
lems on the basis of screening models that are developed us-
ing “domain specific information gathered from physical laws
and engineering insight.” These screening models lead to
MILP problems, which yield rigorous lower bounds to the
MIDO problem. The development of these models is, how-
ever, a rather complex task.

Logic-Based Solution Approach

In this section we propose an alternative approach to solve
the mixed-logic dynamic optimization problem. This solution
method belongs to the class of decomposition strategies, and
the basic concepts mentioned in the previous section can be
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carried over. In contrast to a MIDO solution technique, the
logic-based method is directly applied to the MLDO problem
(Egs. 1-8) rather than to its big-M transformation (Egs.
13-17).

In particular, the logic-based OA algorithm proposed by
Tiirkay and Grossmann (1996) is extended to the dynamic
case. The logic-based OA algorithm comprises, like its origi-
nal variant, two subproblems termed primal and master prob-
lem, respectively. The same authors also suggested a logic-
based variant of GBD. Moreover, a logic-based branch-and-
bound algorithm can be found elsewhere (Lee and Gross-
mann, 2000).

The logic-based solution presented in this contribution is
based on a control vector parameterization of the time con-
tinuous optimization problem 1-8. As a consequence, a spe-
cial treatment of differential equations g, ; = 0 (and the cor-
responding negation z,(z) = 0) contained in the disjunctions
7 is required, which is non-trivial as already indicated by
Avraam et al. (1998). For the logic-based solution algorithm
proposed in this article, it is assumed that no differential
equations are present in the disjunctions, as is the case for
the example problem presented later. Though not supported
by an illustrative example, we will outline a modification of
the solution approach with which a treatment of problem 1-8
will be possible in its general form.

The primal problem

Whereas the primal problem of a classic OA algorithm is
obtained on the basis of a mixed-integer problem formulation
[for more details, see Schweiger and Floudas (1997)] like Egs.
13-17, we here directly employ the disjunctive problem for-
mulation (Eqgs. 1-8). With a fixed set of Boolean variable val-
ues determined by a master problem or provided by the user
as initialization we solve an ordinary dynamic optimization
problem using the sequential solution approach.

In the sequential approach, a control profile u¥(¢) is ap-
proximated on subintervals /=1,...,n, in a model stage k
€ K={1,...,n) by a piecewise polynomial expansion of the
form

i () =ui(ef )= XL crbiy(t) (20)

je

where A% denotes the index set of the chosen parameteriza-
tion functions (;S,’fj(t) and the vector ¢/ contains the corre-
sponding parameter vector. Each stage time interval [z, _,#,]
is divided into subintervals defined on each model stage k
with grid points 7 ;, j € A%,

In this work, we only consider piecewise constant functions
df(1):=1, V1, ; <t <t ;,, otherwise ¢;(1):=0. The grid
points for each uf‘,l = 1,...,nuk, are contained in the mesh
Apr={t ;lj e A%}, For the evaluation of the path constraints
gk> T'i;» we furthermore define a unified mesh for all control

My,

variables on stage k according to A= /U1 A .

The state variables are calculated by numerical integration
of the initial value problems (Egs. 2, 3, 6) defined on n; model
stages. Hence, the dynamic optimization problem can be
transformed into the following NLP for fixed A% with the
search variable vector 6,:=[ck , n“k,pT,tk,z,f(tk,l)T]T,

,,,,,
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where z{(¢,_,) denotes the vector of free initial values of
differential state variables in a model stage k

ny

nS
Zﬁ:=n})in Y2 Dp(z(0p,1).p.1) + 2 b (21)
k k=1 i=1

sit. 1(2(0,),2:(0,),p) =0
gu(2k(0tr ;) .00t ) <0, Vi €Ay, keK

8 (2 (0,,1,),0,,1,) <0, keK (22)

rei(ze(Ooti ;) 00t ;) <0
Vi, €A, k€K

i i(2e(0,1), 0 ,1,) <0
ke K
si(iii(01)a21(01)’l’) =0
=281 (4) = v i(24(0,1), p) =0

for ;X' = True

keK,,
b=y, i=1,...,ny
(23)
B, .0,=0
kekK for Y;" = False (24)
b,=0, i=1,...,ny

Note that the suffix 1 used in Eqs. 22 and 23 stands for k = 1.
In the preceding problem formulation, the dynamic model
constraints f, = 0 (cf. Eq. 2) and the stage transition condi-
tions (Eq. 6) are not stated explicitly. These equations are
solved numerically together as an aggregated initial value
problem. The solution of this initial-value problem becomes a
part of each NLP iteration through the state variable vector
values z;, = §(,,t) and the state variable sensitivities s, with
respect to the discretized decision variables.

The matrix B, ; of the time-continuous problem (Eqs. 1-8)
is transformed into a new matrix l_lk’,- within the preceding
problem formulation to account for the discretization of the
time domain. For convenience, the nonlinear constraints
comprised in Egs. 22 and 23 are collected in two different
vectors according to

(’T T
hig = [1T7ng|rk,pgk ] (25)

- T
| T el T T
hk,d_/'. = [’k,i|tk,,’rk,iasi ’st,i] (26)

t,w.eA,\k, keK, i=1,...,ny

which are enforced at grid points #, ; € A« within a stage
time interval [z, _,,t,] or at the end point of a model stage ¢,.
Using this notation, the set of nonlinear primal subproblem
constraints, which holds independently of the values of the
discrete decision variable (cf. Eq. 22), can be covered by hy ,;
<0 and hy ,, =0. In a similar way, all nonlinear disjunctive
constraints (cf. Eq. 23) can be expressed by h; ,; <0 and
hyq;=0.
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The derivatives of the objective function and the con-
straints with respect to the continuous degrees of freedom 6,

5

d® (aqn)Tazk PL

oh, (oh \" 9z, oh,
— = S == + =
de, 90, 90,

iz, 90, \ oz, | 90, 90,°

(27)

required by the NLP solver are determined on the basis of
state variable sensitivities

ﬁzk 28
Sk = 90, (28)

which are calculated by the numerical integration of the sen-
sitivity DAE system.

Finally, the solution Z; to the problem in Egs. 21-24
contributes to the nonincreasing upper bound

Z§:=min( Zq), £=0,...,L (29)

of the MLDO problem. Note that Zd; determined by a local
NLP solver will be a valid upper bound even in the noncon-
vex case, since Z,; oca1 = Zyh giobar hOIDS.

In order to improve the performance of the sequential so-
lution method applied to the optimization problem just stated,
we directly exploit the disjunctive structure of the primal
problem. This is achieved by considering only those disjunc-
tions in which the corresponding Boolean variable Y;* is True
(cf. Eq. 23) while variables that are set to zero in nonexisting
units (cf. Eq. 24) are removed from the problem. A symboli-
cal elimination of these NLP search variables is always possi-
ble due to the structure of the linear equations B, 0, = 0 (cf.
Eq. 24). As a result, the logic-based primal problem avoids
the solution of a dynamic optimization problem for the entire
superstructure. Thus, the dimensionality of the primal prob-
lem is reduced because a subset of the constraints and vari-
ables does not have to be considered explicitly.

The most significant reduction in numerical effort is ob-
tained by removing parameters 6, set to zero in Eq. 24, since
this helps reduce the size of the sensitivity DAE system to be
solved in each NLP iteration. In fact, the elimination of one
single parameter reduces the sensitivity DAE system by the
number of state variables, n,. To understand the signifi-
cance of this point, we have to consider that solving primal
subproblems involving detailed dynamic process models dom-
inates the computing time of a MIDO/MLDO algorithm. As-
suming a limited combinatorial complexity, that is, a few hun-
dred design alternatives, the computing time required to solve
the master problems can be neglected when compared to the
primal problems. And finally, the largest portion of computa-
tional demand for solving the primal problem itself is re-
quired to determine the state variable sensitivities with re-
spect to the (discretized) decision variables in each iteration
of the NLP. Consequently, the size of the dynamic super-
structure model and the number of discretized decision vari-
ables is a critical quantity. Currently, problems with several
thousands of DAEs and in the order of several hundred con-
trol vector parameters can be solved.
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The master problem

The master problem of the logic-based OA algorithm is
based on accumulated linearizations of the discretized
mixed-logic dynamic optimization problem at its solution in
each iterate, L. This linear approximation yields an underes-
timation of the objective function and an overestimation of
the feasible region, and thus a lower bound Z% to the solu-
tion of the optimization problem. Hence, the following dis-
junctive linear program is derived on the basis of the nonlin-
ear problem (Egs. 21-24)

L g
min o+ Y. Y wlle} (30)
£=0k=1

L._
Zg:=
a.Y,0,,0)

st. ®'4+V0U [0, -0/ <a, kekK
0=0,....L (31)
Tk[,glA{hk[,glA-’— Vh/f,;/A[ 0, — 01([] > <o/

£=0,....L (32)

Y, AL

T B, ,0,=0,
Tkl,dj.{hlf,dj.“‘ Vhlf,dj.[ek - Oke] } <ol |v "]]; ekK
kek, eEKi,L’ b,=v, b.=0

i=1,...,ny (33)
Q(Y)="True (34)

Note that Z% represents a rigorous lower bound only if the
objective function ® and the constraints h, of the primal
problem (Egs. 21-24) are convex functions with respect to
the degrees of freedom 6,. The linearization of a nonconvex
function does not yield an outer approximation, and thus parts
of the feasible region may be cut off. In order to avoid infea-
sible master problems caused by the nonconvexity of the
mixed-integer problem, Augmented Penalty OA (Viswanathan
and Grossmann, 1990) is employed. This approach relaxes the
linear inequality constraints contained in the master problem
by introducing positive slack variables o,. The slack vari-
ables are included in the objective function through a penalty
term with weights w, chosen to be sufficiently large [for more
details, see Viswanathan and Grossmann (1990)].

Linearizations of the objective function (Eq. 21) and the
global constraints h, ,, are accumulated in each major itera-
tion L. Constraints h, ,; contained in disjunctions are only
included in the master problem in case the corresponding
Boolean variable Y;’ is True. In formal terms, this is ex-
pressed by the set K, ; ={£|Y;'=True, £=0,...,L}. Note
that this property constitutes a major difference to the stan-
dard OA method (Duran and Grossmann, 1986) where lin-
earizations of all constraints are included in the master prob-
lem. Equality constraints are again relaxed on the basis of
the primal Lagrange multipliers by means of two square diag-
onal matrices Ty ., and T ;.

The fact that nonlinear constraints contained in the dis-
junctions are linearized and included in the master problem
only if the corresponding Boolean variable Y; is True is a

particularly favorable property of the logic-based solution
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method. In practical terms, this means that only process units
or parts thereof that have been selected in the previous pri-
mal problem are considered at physically meaningful opera-
tion conditions, whereas linearizations of temporarily inactive
parts of the batch process are simply discarded. More pre-
cisely, linearizations are avoided in the presence of zero flows
or in case product or feed vessels are empty. As a result, one
might say that the logic-based master problem collects fil-
tered process information. Kocis and Grossmann (1989) pre-
sent a case study in conjunction with process flow sheet syn-
thesis that illustrate the points stated here.

Instead of solving the linear disjunctive programs (Egs.
30-34) directly [see, for example, Beaumont (1990)], we con-
vert it into a mixed-integer linear programming problem that
can be solved using a standard branch-and-bound MILP so-
lution technique (Nemhauser and Wolsey, 1999). This idea
was originally proposed by Tiirkay and Grossmann (1996),
who transformed the disjunctions into inequalities involving
binary variables using the convex hull reformulation tech-
nique. We here employ a big-M representation of the dis-
junctions according to Yeomans and Grossmann (2000) and
state an MILP as a master problem.

Treatment of differential equations contained in
disjunctions

As mentioned in the previous section, nonlinear (differen-
tial) equations g, ;=0 cannot directly be treated with the
proposed solution algorithm due to their implicit treatment
in the logic-based primal problem. The basic problem is the
fact that an explicit representation is required for the master
problem in order to relate a discrete design decision, that is,
the Boolean variable values, to the continuous variables con-
tained in g, ;. One possible way to circumvent this problem is
to apply the logic-based decomposition method based on full
discretization to solve the MLDO problem 1-8. In this case,
the set of continuous decision variables 6, is extended by the
discretized state variable vector z,(¢), which is approximated
by the following piecewise polynomial expansion on each
model stage k € K

2f () =z (25t) = X 259l [=1,...,n,,
jevwf

VkeK (35)

Lagrange polynomials are a typical choice for parameteriza-
tion functions ¢/;(r). Here, ¥/ denotes the index set for the
functions z/;,’fj(t). Accordingly, the vector of the continuous
search variables is defined as 6,:=[2/", , ,6{1". By ap-
plying collocation on finite elements (see, “for example,
Cuthrell and Biegler (1987)) the differential equations f, and
q,.; become equality constraints of the optimization problem,
which are enforced at the collocation points contained in a
mesh I,. Thus, a direct treatment of the conditional equa-
tions ¢, ; is possible.

Alternatively, it is possible to solve the dynamic disjunctive
program 1-8 by solving the primal problem as stated in 21-24
and by only formulating the logic-based master problem us-
ing a full discretization approach. We here assume for sim-
plicity that the DAE integration of the logic-based primal
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problem is performed using an implicit Runge-Kutta (IRK)
method. With this assumption, it is possible to construct a
logic-based primal problem based on collocation on finite el-
ements which is equivalent to the problem 21-24 for a given
order and fixed mesh subinterval lengths of the IRK integra-
tion method. As a consequence, there is a unique solution
vector 07 :=[2;:57 , ,0;"]" satisfying the KKT conditions
of the logic-based pr‘lkmal problem as formulated in Eqgs.
21-24, as well as of a formulation based on collocation on
finite elements. Hence, the master problem 30—-34 can be re-
placed by the following linear disjunctive program with @, as
search variable vector

L n
min o+ Y. Y wlle} (36)
£=0k=1

L._
Zg:= 1]
.Y, 0,0}

st. @'+v0!'[0, -0 <a, kek
0=0,....L (37)
Ve o [0, 8]} < o (38)
Tk{gl.{hlf,gl."”Vhlf;L[6k - ak[] > <o
kekK, £=0,...,L (39)

Y;

Tkl,q{vqkT,i\tme mk[bk - Eke] } <o/,

- =
Tk{dj.{h/f,djfl‘ Vhlf,d;l[ok - 0:]} <o/,

k€K, BEKI‘,L: b;=v;,
-,
v | B0 =0, (40)
ke kK
b, =
i=1,...,ny
Q(Y)=True (41)

Unfortunately, no dual information in terms of Lagrange
multipliers is available to decide about the relaxation of the
linearized equations into inequalities due to the implicit
treatment in the primal problem. In order to resolve this
problem, an idea presented by Kravanja and Grossmann
(1996) can be adopted. The solution of the following linear
program (LP) with fixed Boolean variables and linearized
constraints f, hﬁg,, hf,g, and q,é,- problem yields the dual
information required to decide about the relaxation of all lin-
earized equations

Zip:i= mian @ (42)
a, vy
st. @ +ve [0, -0/ <a, kekK
Vil e w8 - 8F] =0, kek
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hf o+ Ve, [0, - 0} ] { }0, keK

IA I

Vel e |0 —0F] =0, keKk,

hi a;.+ thdjl[ak - ‘_’kL] { }0, keK, | for Y;"=True

<

b=y, i=1,...,ny

for Y;* = False

1

B, ,0,=0, keKk,
b,=v;, i=1,...,ny,

Hence, the relaxation matrices T/, T/, T/%;;, and T}, can
be determined on the basis of the Lagrange multipliers of the
LP problem 42.

Initialization

For the initialization of the proposed logic-based algo-
rithm, we need to provide linearizations of all nonlinear con-
straints contained in the disjunctions to build the first master
problem. These linearizations are generated by solving a
number of primal problems with fixed sets of Boolean vari-
ables. The minimum number of primal problems required and
their corresponding Boolean variable values can be deter-
mined by solving a set covering problem (Tiirkay and Gross-
mann, 1996). The set covering problem (Nemhauser and
Wolsey, 1999; Williams, 1999) is a special class of MILP
problem used for a number of different applications.

For a problem with 7, design alternatives expressed by n,
Boolean variables, we construct a matrix 4 € R"#*"v that
holds the value 1 if the Boolean variable Y; is contained in
alternative r. Otherwise, the element A4, ; is assigned a value
of 0. Furthermore, we introduce a vector w € R"* with ele-
ments w, =1, if alternative r is selected, and w, =0 other-
wise. This vector is determined in the following set-covering
problem such that a minimum number of entries adopt the
value 1

nR
min Y w, (43)

Yor=1

nR
st Y A, w1,

r,tr =

i=1,...,ny

r=1

The solution of this problem yields that each disjunction
where Y, is True is included at least once. However, some of
them will typically appear more than once. For small prob-
lems, the additional numerical effort required for the solu-
tion of these primal subproblems will generally be high rela-
tive to the overall solution time. The extra demand in terms
of computational time will, however, decrease for larger
problems for which the number of subproblems to be solved
to cover the initialization set is usually much smaller when
compared to the complete set of design alternatives.

Software implementation

The proposed solution method is implemented in a soft-
ware tool named DyOS (DyOS, 2002), that interfaces a num-
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ber of different optimization and numerical integration rou-
tines to modeling platforms that are compliant to the so-called
ESO interface definition, such as gPROMS (gPROMS, 2002).
DyOS uses an adaptive control vector parameterization ap-
proach (Schlegel et al., 2001) and a highly efficient sensitivity
solver (Schlegel et al., 2003).

The disjunctive model employed for the case study is im-
plemented in gPROMS. DyOS is used to solve the batch de-
sign example. SNOPT (Gill et al., 1998) and CPLEX (ILOG,
2002) are employed as NLP and MILP solvers, respectively.
Note that the modification of the solution algorithm required
to be able to solve problems with disjunctive differential
equations has not yet been integrated in the current version
of the implementation.

lllustrative Example Problem

Sgrensen and Skogestad (1996) have demonstrated that
batch distillation systems can be successfully operated in an
inverse mode for several separation tasks. Within this column
configuration, the charge pot is located at the top of the col-
umn and the product is withdrawn at the bottom. In some
cases, it is possible to predict in advance whether regular or
inverse operation will lead to minimal energy consumption.
However, in a general batch process development problem, it
will be difficult to decide a priori how a batch distillation
should be operated best, especially in cases where the batch
column is part of a batch plant or when nonideal multicom-
ponent mixtures are treated. In fact, the discrete decision re-
garding whether an inverse or a regular batch column is
preferable can be covered in a dynamic process model involv-
ing disjunctions. Hence, in order to illustrate the design
method proposed in this work, we take a closer look at this
particular design problem. In particular, an ideal, qua-
ternary separation problem is discussed to illustrate the dis-
junctive modeling technique and to show how the corre-
sponding optimization problem can be formulated. A similar
but simpler design problem has been presented by Olden-
burg et al. (2002). The example is solved with the proposed
MLDO formulation as well as with a MIDO solution tech-
nique.

The disjunctive process model

The example presented here is based on a patent specifica-
tion (Patent, 1997), where a batch distillation problem involv-
ing a ternary mixture is discussed. We have modified this de-
sign problem by adding a fourth component. The task is to
separate a quaternary mixture consisting of 100 kg n-pen-
tane, 100 kg n-hexane, 600 kg n-heptane, and 200 kg n-oc-
tane into pure components with a predefined purity of at least
¢; =099 kg,/kg ot i=1,...,4, with minimum energy de-
mand in a sequence of three batch distillation tasks. The pu-
rities y; in terms of mole fractions, as employed for this de-
sign problem, are easily calculated as x; =(¢;M,,,))/M; us-
ing the molar masses M; and M, of each component and
of the mixture.

The multistage batch distillation process is operated in one
single batch column that can be operated either regularly or
inversely in each of the three distillation tasks. For this work,
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this column is assumed to consist of a fixed number of N =10
theoretical stages plus top and bottom trays with a constant
pressure drop of 1 mbar per tray and a constant reboiler heat
duty Qp of 50 kW.

Since each batch distillation stage can be operated either
regularly or inversely, and either the residue or the distillate
of the first and second stages can be fed to the second and
third stages, respectively, we eventually have a total number
of 40 structural alternatives that can be used together with
the time-varying reflux ratios of the batch stages to minimize
the time (here, the batch time is directly proportional to en-
ergy demand) required for the complete separation. In this
case study, we reduce the complexity of the problem from 40
to 32 design alternatives by considering the withdrawal of only
pure components in each sequence of the multistage process.
Two of these process alternatives are shown in Figure 1. The
first alternative is characterized by three regularly operated
process stages, where n-pentane, n-hexane, and n-heptane
(components 1-3) are withdrawn as distillate from the top,
and n-octane (component 4) is the bottom residue of the last
stage. The second alternative is operated using both regular
and inverse operation. Here, n-pentane is withdrawn at the
top of the first stage, employing a regular mode of operation.
In the second stage, which is also operated regularly, pure
n-octane is obtained as the bottom residue. Finally, an in-
verse operation is used to separate n-hexane and n-heptane
in the third stage.

The dynamic process model consists of three parts, the first
of which comprises all model equations that hold indepen-
dently of any discrete decision. The equations belonging to
this part of the model are stated in Appendix A.

The second part of the superstructure model comprises the
model equations that hold subject to discrete decisions ex-
pressed in terms of two-term disjunctions as shown in Eq. 7
or multiple-term disjunctions. The first disjunction, a two-
term one, represents the discrete decision regarding whether
the column is operated regularly or inversely

Y, -Y);

DS(t) < D&, te(tyt],
BS1(1)=0, te[ty,t],
H1(1,) =10.325 kmol,

H31(t,) =0.01 kmol,

DS (1) =0, te€[tyt],
BSi(t) < B3, tE€[ty,h],
H3'(ty) =0.01 kmol,
HE(t,) =10.325 kmol,

(44)

\

Thus, for regular column operation (Y; = True), the still pot
is charged with the fresh feed, whereas the initial condenser
holdup, H3!(t,), of the first batch process stage S, is set to a
predefined value of 0.01 kmol. Furthermore, the (positive)
control variable distillate stream D'(¢) is upper bounded by
D3} and the bottom stream B5i(¢) is set to 0. If the first
batch stage is operated inversely (Y, = False), the right part
of the disjunction is obtained analogously.

The decision regarding which component is to be removed
as product from the first separation task can be modeled us-

AIChE Journal




Figure 1. Three-stage batch-distillation process with
regular operation (left), regular and inverse
operation (right).

ing the following set of multiple-term disjunctions

Y, Y;

xgl,4(t1) = X4 > V xg'l,l,acc.(tl) = X1>

F52=Dist51(t1), F52=Hg'(tl),
xi}%i(tl)=xg’],i,acu(tl)’ ngz,i(tl)=xz§],i(t1)’

Y, s

\Y; x‘él’l(l‘]) = X1» vV xg],4,acc.(t1) = X4»

F5: = Bot5\(t,), F$:= H3\(t)),
X2 (0) = X5 aec (1), xpi (1) = x¢(1),

i=1,...4 (45)

One purity specification y;, i=1,...,4, and a set of stage
transition conditions are formulated for each of the disjunc-
tive terms (Eq. 45) to decide which component is to be with-
drawn either at the top (indicated by the suffix C) or at the
bottom (suffix B). Furthermore, the product may be col-
lected in an accumulator (suffix acc.) or withdrawn as residue
at the top or the bottom of the column. The transfer of the
intermediate product (holdup F*2, concentrations xj2(r,), i
=1,...,4) to the second batch stage S, is expressed in terms
of stage transition conditions enforced at ¢, the final time of
stage 1. These constraints are directly related to the purity
specifications enforced within the disjunctions through the
design context. The disjunctions for the second and third col-
umn sequence are stated in a similar way. A summary of all
disjunctions used within the process model is provided in Ap-
pendix A.

The disjunctions stated in Eqs. 44 and 45 are related to
each other by propositional logic constraints, the third part of
the superstructure model

Y, =Y,VY;
Y, =Y, VY,
VY, VY, VYs (40)
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In this way, certain combinations of Boolean variable values
are excluded from the set of feasible solutions in the opti-
mization problem (Egs. 47). These conditions are stated for
each batch stage S, k =1, 2, 3, to relate the mode of opera-
tion to potential purity specifications and stage transition
conditions that map intermediate products of one stage to
the other. According to Egs. 46, at least one of the Boolean
variables, Y, or Y3, is True, if the first process stage is oper-
ated regularly, while Y, or Y5 are True for an inverse opera-
tion. The last equation in Egs. 46 is used to express that ex-
actly one Boolean variable of Y,-Y; is True. Similar logical
expressions are stated for the disjunctions of the batch stages
2 and 3. They are presented in Appendix A in conjunction
with the disjunctive constraints.

The complete disjunctive process model (cf. Eqs. A1-A17),
which is summarized in Appendix A, comprises decision vari-
ables of a different nature. The (positive) control variables
distillate and bottom streams in each stage DS+(¢), BS(¢),
telt,_,t], k=1, 2, 3, represent time-variant degrees of
freedom. The initial values of the liquid holdups in the con-
denser H2x(¢,_,) and the still pot H5(¢,_,) for each of the
batch stages, the amounts of intermediate product fed to the
second and third stages F Sk k=2,3, and the mole fractions
xg(t ), k=2,3,i=1,...,4, of the second and third stages,
are time-invariant parameters and free initial values of differ-
ential state variables. Besides these continuous degrees of
freedom, the problem comprises 21 discrete variables in terms
of the Boolean variables Y;, Y,,...,Y5;, which are, however,
interrelated by logical expressions (cf. Eqs. A13—A17). In this
way, the combinatorial complexity is reduced from 22! to 23
= 32 potential combinations of Boolean variables. Finally, the
mixed-logic dynamic optimization problem reads

min Yot
DSk(t), BSk(t) k=1
HE(t_ )y Hak(t_ 1), by, k=123
FSe, xppt_ 1), k=23,i=1,...,4
Y, j=1,....ny

s.t. Egs. A1-Al17 (47)

The multistage batch process model as well as the disjunctive
constraints (Eqgs. A1-Al5) have been implemented in a
gPROMS model file, which comprises 330 DAES per page
without counting linear stream equations. Note that this ex-
ample with a low combinatorial complexity of 32 design alter-
natives has been selected to evaluate and illustrate the mod-
eling and solution method and not to show a large-scale ap-
plication.

Logic-based solution

In order to initialize the MLDO algorithm, we have to de-
termine a set of primal subproblems, such that at least one
linearization is generated for each nonlinear constraint con-
tained in any of the disjunctions. The smallest set possible is
determined by solving the set covering problem in Eq. 43
stated in the previous section. This set comprises eight design
alternatives, as shown in Table 1. Note that different sets of
design alternatives can be used as the initialization, since the
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Table 1. Initialization: Design Alternatives

Table 2. Results Obtained with MLDO Algorithm

Operat. Interm. Product Operat. Interm. Product Operat.
Strat. §;  of §; Fedto S, Strat. S, of §, Fedto §; Strat. S
1 Regular Top Regular Top Regular
accumulation accumulation
2 Regular Bottom residue Regular Top Regular
accumulation
3 Inverse Bottom Inverse  Top residue Inverse
accumulation
4 Inverse Top residue Inverse Top residue Inverse
5 Regular Top Regular Bottom residue Regular
accumulation
6 Regular Bottom residue Regular Bottom residue Regular
7 Inverse Bottom Inverse  Bottom Inverse
accumulation accumulation
8 Inverse Top residue Inverse Bottom Inverse

accumulation

solution to the set covering problem is not unique. This is,
without doubt, a large number when compared to the com-
plete set of 32 alternatives. In fact, if linearizations of these
design alternatives are calculated by solving the correspond-
ing primal subproblems to optimality, as in this case study,
the additional effort might be considered to be too high.
However, the linearizations do not necessarily have to be de-
termined this way. By avoiding solving the full set of subprob-
lems to optimality, and instead by starting with an initial pro-
cess structure and suboptimizing the remaining subsystems
(Kocis and Grossmann, 1989), it would be possible to save a
large amount of numerical effort, depending on the case con-
sidered. Furthermore, an alternative approach, which elimi-
nates the need for solving a set covering problem and the
corresponding NLP subproblems for the problem initializa-
tion, would be to linearize around the complete superstruc-
ture model for an initial process configuration. This method
reduces the computational demand for problems where the
set covering problem solution indicates that a very large num-
ber of initializing subproblems are to be solved.

However, it is important to note that the ratio between the
number of design alternatives contained in the initializing set
and the total number of alternatives will usually decrease for
more complex problems. As a result, the proposed method
will be most efficient for solving problems involving a large
number of discrete alternatives, that is, a number that ex-
ceeds 32 by a great deal.

For the primal problems, the control variables in each pro-
cess stage k of the batch separation task are approximated by
piecewise constant trial functions on eight equidistant time
elements according to Eq. 20. In each primal subproblem it-
eration, the fixed values of the Boolean variables determine
which disjunction is included and which degree of freedom
can be eliminated from the problem. As a result, we have
only to consider three out of the total number of six control
variables in each iteration, since each batch sequence is ei-
ther operated regularly or inversely, a fact that is expressed
mathematically by the two-term disjunctions Y;, Yy, and Yis.
Furthermore, depending on the process structure selected in
the current iteration, only a subset of the purity constraints
and stage transition conditions have to be considered in each
primal problem. The master problem is formulated according
to Eqgs. 30-34.
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Major Iteration 0 1 2 3 4 5
Primal problem Initialization
Process structure 1-8 1 2 17 18* 5
Batch time (h) — 13.39 14.30 14.37 13.18 14.35
Master problem
Process structure 1 2 17 18 5
Batch time (h) 17.82 18.78 19.53 18.63 19.58
No. active slacks 14 15 16 16 21

*Optimal solution.

The results of the batch distillation design problem are
summarized in Table 2. Note that the values of the final batch
time given in Table 2 coincide with the objective function
values for the primal problems only. The monotonically in-
creasing master problem objective function values comprise a
penalty term in addition to the final batch time. The optimal
solution, design alternative 18 (see Figure 1, right), is found
after five major iterations of the MLDO algorithm. The ter-
mination criterion for the nonconvex problem is taken from
Viswanathan and Grossmann (1990), who stop the algorithm
as soon as the primal solutions do not decrease any more.
We additionally enforce a lower limit on the number of ma-
jor iterations L, ;, = 3. Note that the primal problems of ma-
jor iterations 1, 2, and 5 have already been solved within the
initialization procedure. Hence, a direct reuse of the corre-
sponding solution and linearization information required for
the master problems is possible.

For a better understanding of the behavior of the proposed
algorithm in this nonconvex situation and of the results, we
have determined the optimal batch time for each design al-
ternative by a full enumeration of the MLDO problem. Inter-
estingly, this optimization yields a division of the design alter-
natives into two groups according to the achieved process
performance. Sixteen alternatives require a total batch time
of 13 to 15 h, whereas the remaining configurations are unfa-
vorable and require significant additional effort, measured in
terms of batch time or energy demand, leading to total batch
times of 20 to 24 h. A deeper analysis reveals that in each of
the unfavorable cases, exactly one batch process period takes
a disproportionately long batch time. These long periods oc-
cur when n-octane is accumulated at high purity in one of
the three stages using an inverse operational strategy. This
finding is in agreement with the results of Sgrensen and Sko-
gestad (1996), who have shown for an ideal binary mixture
that a regular mode of operation is preferable if the feed is
rich in light component and the product purity is high. On
the other hand, the column should be operated inversely if
the opposite is true, that is, the feed is rich in the heavy com-
ponent. This design heuristic holds in our case, since n-oc-
tane is always present in relatively small amounts in the feed
of all batch stages.

From an algorithmic point of view, it is possible to draw
two important conclusions on the basis of the information we
gathered from the enumeration of the MLDO problem. First,
design alternative 18 determined by the MLDO algorithm is
indeed the best process configuration attainable. Hence, the
algorithm has found the global optimum (assuming the pri-
mal problems have been solved globally) of the nonconvex
problem in this case. Second, in each of the major iterations,
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the algorithm has proposed exclusively favorable design
strategies, a fact that is rather important from a practical point
of view. Without doubt, further case studies will be required
to verify these results.

In order to show that different results are indeed obtained
with a MIDO formulation and a standard OA solution algo-
rithm, we have solved the design problem again using this
method.

Transformation into a MIDO problem and solution

In order to be able to apply a MIDO solution algorithm to
solve the problem in Eqs. A1-A17, we have to transform the
mixed-logic dynamic optimization problem into a mixed-in-
teger problem. We represent each disjunction contained in
Eqgs. A7-A13 using big-M constraints and replace the Boolean
variables Y; by binary variables y;. Due to space limitations,
we only state the transformation of two disjunctions, that is,
Eq. 46 and the first term of Eq. 45

D(t) < D3ly;, t€[ty.t]
B3() < By (1—yy), t€[tyt]
H$ (1) = 0.01+10.315y,
HE (1) = 0.01+10315(1— y,) (48)

x34(1) = Xa¥2

MG (1—y,) < F% = Distd (1) < My (1-y,)

Mg (1=y,) < xg2(1) = x¢; e (1) < MG (1= y,)
i=1,...,4 (49)

The remaining big-M constraints can be deduced in a
straightforward manner. The complete mixed-integer model
representation is found in Appendix B.

As a result, we can state the following mixed-integer dy-
namic optimization problem

min Yt
DSK(t), BSK(1), k=1
HEk(ty_ ), Hik(t)_ ), te, k=123
FSk, xghty ), k=23,i=1,...,4
Yj’j:17~'~any

s.t. Egs. AI-A7, B1-B10 (50)

Once the mixed-logic dynamic optimization problem has been
converted into a mixed-integer dynamic optimization prob-
lem, we are ready to apply a MIDO solution technique, which
in this case is based on the OA algorithm. Since the problem
under consideration is nonconvex, we have to use the Aug-
mented Penalty extension (Viswanathan and Grossmann,
1990) to avoid infeasible master subproblems. The first pri-
mal problem is initialized with the classic operational strat-
egy of three batch column stages, that is, a regular mode of
operation with product withdrawal at the top and the feed
charged to the bottom of each stage (design alternative 6, see
Table 1).

The control variables of each batch process stage are again
approximated by piecewise constant trial functions on eight
equidistant time elements. The optimal solution is found af-
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Table 3. Results Obtained with MIDO Algorithm

Major Iteration 0 1 2 3 4
Primal problem
Process structure 6 22 2 18* 9
Batch time (h) 14.80 2296 1430 13.18 14.60
Master problem
Process structure 22 2 18 9
Batch time (h) 11.96 1047 1698 9.16
No. active slacks — 13 35 55

*Optimal solution.

ter four major iterations. The termination criterion is identi-
cal to the one used for the solution of the MLDO problem.
In order to ensure that the master subproblems contain suffi-
cient information about the process superstructure in terms
of accumulated linearizations, a lower bound on the number
of major iterations, L_;, =3, has been imposed, as in the
logic-based solution.

As the result in Table 3 shows, the best configuration (de-
sign alternative 18) is also found by the MIDO algorithm. It
even requires a smaller number of major iterations as the
MLDO solution algorithm. Hence, relatively few iterations
were necessary to figure out the best solution out of 32 po-
tential candidates. However, a qualitative difference in the
solutions obtained with the two different solution approaches
is nevertheless easy to identify. Whereas the number of ac-
tive slack variables (slacks that are strictly greater than 0)
grows quite rapidly throughout the major iterations of the
MIDO solution, this number stays reasonably small when the
MLDO algorithm is applied. This is explained by the fact
that linearizations of nonconvex constraints of nonexisting
parts of the batch process superstructure model are not accu-
mulated in the master problems of the MLDO algorithm.

To start on the basis of a set covering problem can be seen
as an advantage of the MLDO algorithm, since this initializa-
tion scheme provides a better representation of the overall
design problem than an arbitrary start configuration, for
which some of the linearizations are generated at physically
meaningless operating conditions. This point needs to be an-
alyzed on the basis of further test scenarios. Furthermore,
rigorous comparisons of the total CPU time spent for both of
the algorithms have not yet been carried out. The example
problem was solved on a 1.2-GHz personal computer. The
computing time for both algorithms was almost entirely spent
solving the primal subproblems. Essentially, this means that
the performance of both algorithms strongly depends on the
complexity of the primal subproblems and, thus, on the effi-
ciency of the underlying dynamic optimization solution meth-
ods.

Conclusions and Future Perspectives

In this contribution, the configuration and sequencing of
batch distillation processes is addressed by formulating a
mixed-logic dynamic optimization problem, for which a tai-
lored solution method is proposed. Here, all potential design
candidates are comprised in the mathematical problem for-
mulation in terms of a disjunctive dynamic process model,
which is shown to be a rather natural way of representing
batch distillation design problems. Moreover, the disjunctive
problem formulation provides a number of favorable proper-
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ties that can be exploited by a logic-based solution technique
based on OA in order to efficiently and reliably solve design
problems of the class considered.

The solution of MLDO/MIDO problems involving dy-
namic process models with several thousands of DAEs is
known to be a difficult task. On the one hand, the problem
size and complexity lead to a very high computational effort.
On the other hand, due to the nonconvexity of the problem,
no guarantee can be given that the solution obtained is glob-
ally optimal or at least close to the global optimum. The
logic-based solution method proposed in this article allows us
to efficiently solve primal subproblems, that is, large-scale dy-
namic optimization problems, with a reduced set of free pa-
rameters as well as constraints. The restriction that the solu-
tions obtained can only be guaranteed to be locally optimal
cannot be circumvented by applying the logic-based modeling
and solution strategy. However, the fact that linearizations
are only generated at operating conditions where the corre-
sponding part of the process model has been active in a pri-
mal problem, can help improve the quality of the master
problems. Furthermore, case studies will be required to ana-
lyze this point in greater detail.

A further step within this research project will be made by
verifying the results obtained for a batch distillation design
problem with a fully detailed dynamic process model without
simplifying assumptions. We will then investigate a more
complex batch separation problem involving an azeotropic
mixture in order to analyze the properties of the method in
conjunction with nonideal problems, where the use of simpli-
fied process models or design heuristics is insufficient. In this
context, the treatment of disjunctive differential equations
using the proposed modification of the solution algorithm has
to be analyzed. Moreover, the MLDO algorithm needs to be
developed further. Here, we intend to improve the initializa-
tion of the primal subproblems, which was found to be a very
challenging problem when solving the example problem. The
fact that each new design alternative proposed by a master
problem will usually change the complete process dynamics
constitutes the difficulty of this task.
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Appendix A: Basic Batch Distillation Process
Model

In this section, we present all the model equations of the
process model, which hold independently of any discrete de-
cision. These model equations represent the equipment mod-
ules available for the separation: a batch distillation column
employed throughout three subsequent batch stages, includ-
ing condenser, still pot, reflux, and reboil valves as well as
product accumulators. Each of these three models represents
one batch process stage, indicated by the superscripts S;, S,,
and §5. Since the basic batch column model is identical for
all stages, we here omit stating the stage superscripts explic-
itly. The process model (Eqs. A1-A4) is based on common
simplifying assumptions, that is, negligible vapor holdup
throughout the column, constant liquid holdups H; of 0.001
kmol on the trays j=1,..., N =10, and constant molar over-
flow. A simplified enthalpy balance is formulated for the re-

AIChE Journal November 2003

boiler to calculate the column vapor rate }; over time. We
here assume that the time derivative of the liquid phase en-
thalpy and the difference between the liquid phase en-
thalpies between tray N and the still pot are small. Thus, Eq.
A3 is obtained by substitution of the molar balance and by
neglecting the terms L, (hi9 — h%9) and (dhli4/d)Hy. All
physical properties were calculated using the physical proper-
ties package IKCAPE (Fieg et al., 1995), which is connected
to the gPROMS model via a so-called foreign object inter-
face.

Condenser, reflux drum and valve

dH.
o =V,—Ly,—D
dH x¢;
=V L D.
dt 1Yc,i 0Xc,i Xc,i
_Lo
Vi
Ye,iP =Xc Pl
e =Fani(Tc)s, i=1,...,4

4
Z Yei=1

(A1)
i=1
Trays
dx; ;
Hj_dt =L;_yx;_; +Vi Ve —Lix; ;= Viy;,
Vier=V;
O0=L; 1 +Vi—L; =V
YjiP= xj,ipjj,i
pjfi=fAm,i(7}), j=1,...,N, i=1,...,4
4
Zyj,i=17 j=1>"'7N (AZ)
i=1
Reboiler, bottom tray, and reflux valve
My _ )y _p
dr N7 B
dHBxB,i
T = LNxN,i - VByB,i - BxB,i
V,
Ry=—
Ly
0= =V, (ig? — hijt) + 0,
VB,iP= xB,ista,i
sts,i = fAm,i(TB)r i=1,...,4
4
Z yB,i=1 (A3)
i=1
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Accumulator for bottom and top product flows

dDist
dt

=D, Dist(t,_,)=0

dx i,acc X iD
L= C: ’ xC,i,acc.(k_l)ZO

dt Dist
dBot B B 0
— =bB, Dot(t,_;)=
— )
Axp;eec  XpiB
— =, pwee(te1) =0, i=1,...,4
dt Bot xB,t,aLa(k 1) l

k=1,2,3 (A4)
Top holdup equation

V,—L,—~D=-B (AS)

Equation AS, which is only valid under the assumption that
the tray and reflux drum holdups are time-invariant, is used
to replace the missing holdup relation in Egs. Al. For a regu-
lar column operation, where B = 0, we have a time-invariant
holdup in the top by substitution of Eq. AS into the top mass
balance. If the column is operated inversely (D = 0), we have
dH./dt = — B and dHg/dt =0. The latter equation is ob-
tained by substitution of Eq. A5 into the bottom mass bal-
ance (cf. Egs. A3). The relation between B, D, and the mode
operation is expressed through the disjunctions stated in Egs.
A8, A10, and A12.

The initial conditions of the first batch stage, S;, are speci-
fied as follows

xpi(19) =013, x3,(7)=0.11, x3'5(zy) = 0.58
x34(t) =0.18  (A6)

We further assume that all trays, condenser, and still pot of
all three batch stages are fed with a mixture of equivalent
composition. Hence, the corresponding mole fractions follow
from

x2i(teor) = x5 (1)

(o) =x35(t-1), j=1,...,N, i=1,...,4

k=123 (A7)

Disjunctive constraints of the process model

This section lists all model equations that hold subject to
discrete decisions expressed in terms of two-term disjunc-
tions, as shown in Eq. 7, or multiple-term disjunctions.
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For the sake of completeness, we start again with the dis-
junctions related to the Boolean variables Y, — Y;

Y,

DS(t) < D&, te(tyt],
BS5i(t)=0, te[ty,t],
H3'(t,) =10.325 kmol,
H3(t,) = 0.01 kmol,

-Y;

DS(£)=0, te[tyt],

v BSi(t) < BS, te€[ty.t], (A8)
H3'(t,) = 0.01 kmol,
| HE (1) =10325 kmol, |
Y, Y;
S S
xpa(t1) = Xa» v | X ace (1) = X1s

FS2 = DistSi(1,),

xg%i(tl) = xg'l,i,acc.(tl )?

F% = Hy'(1)),

xp () =xg(t),
Y, ¥Y;

xglA,acc.(tl) = X4
F% = HY(1),

xpi(1)) = x¢(1),

(A9)

Vv xéh(fl) = X1, Vv
F5: = BotSi(t,),

xzsfi(tl) = xzs?l,i,acc.(tl)a
i=1,...,4

A further (two-term) disjunction is used to decide about
the mode of operation in batch stage 2

Y5

D% (1)< D3, te[t,t,],
B%:(1)=0, t€[t,1,],
Hy () =F*,
HE(t,)=0.01 kmol,

- Y

D%(1)=0, t<[t,t,],
B%(t)< B, te€[t,t,],
H3>(t;)=0.01 kmol,
HE (ty) = F*.

(A10)

Purity specifications and stage transition conditions between
batch stages 2 and 3 are contained in the multiple-term dis-
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junctions stated below

Y; Yy

xg'z,2,aca(t2) = X2
F% = Hp(1,),

xyi(ty) = x32,(,),

xtS;’ZA(IZ) = Xy v,
F5s = Dist%(t,),

xg?i(IQ) = xg'z,i,ucc.(IZ)’
Y9 YIO

xg%4,acc.(t2) = X4
F$=H (1),

_Xg%i(tz) = xx(ty), )

v x&(1) = X, v
FS5 = Bot5:(t,),

_xzsf,i(tz) = X3 gec (12)5 )

Yl 1 B le T

xéz,l,ana(t2) = X1s
F% = Hg(1,),

_xzsf,i(tz) = xp%(1,), )

v x33(6) = X35 v
F% = Dist%(t,),

_xgéi(tZ) = xgz,i,aca(tZ)? |

Y13 Y14

xg%},acn(IZ) = X35
F%=H (1),

_ngi(’z) = x3x(1y), |

v x() = x5 v
F% = Bot5:(t,),

_xzsf,i(tz) = X% gec (12)5 )

i=1,...,4 (All)

The mode of operation in the third batch stage is modeled by

Yl 5

DS (t) < D%, tE€[ty,t],
B5(t)=0, tE€[ty,t],
Hp (1) = F%,
H3(t,) =0.01 kmol,

-Ys

D5(1)=0, te[t,,t],
B5(t) < B3, te€[ty,t],
H33(t,) = 0.01 kmol,
H3(t,)=F5%.

(A12)

A further set of multiple-term disjunctions is used to model
the withdrawal of the final products
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Yis Yy,
X ace (13) = x25 |V | XE0(15) = X2,

xﬁ%(%) = X3» xig}f&acc.(rf&) > X3,
Yig Yo
\ xg},&acc.(tS)ZXp Vv ng3(t3)2)(3’
xga(t) = x4 X30.ace.(13) = X4
Yo Y,
\ xg‘s,l,acc<(t3)2)(1: \ ngl(l‘3)2)(1’

X2 (13) = X2, X3 ace (13) = X2

(A13)

The disjunctions stated in this section are related to each
other by propositional logic constraints, as we will show in
the following section.

Propositional logic constraints of the process model

The first part of the propositional logic constraints have
already been introduced. They relate the mode of operation
to potential purity specifications of the first batch stage

Y,=Y,VY,
-Y, =Y, VY

YV Y VY, VY (Al14)

Similar relationships can be deduced for the two subsequent
batch stages

Y=Y, VY, VY, VY,
Y=Y, VY, ,VY;3VY,
VY VYo VYo VY VY VY3V Yy
Yis=YsV YV Yy
2Y;5=Y; VY VY,

Yig VY13 VY3 VYoV Yy VY (A15)

Furthermore, purity specifications enforced in one of the
batch stages will exclude certain candidates of subsequent
stages. Particularly, specifications of the first stage affect the
decision in which disjunction of stage 2 and 3 a Boolean vari-
able might become True. The same applies for the second
stage that affects stage 3

Y2=> —|Y7/\—|Y8/\—|}79/\—|Y10/\—|Y18/\—|Y]9
Y3=> —|Y“/\—|Yl2/\—|Yl3/\—|Yl4/\—|Y20/\—|Y21
n=> —|Y11/\—|Y12/\—|Y13/\—|Y14/\—|Y20/\—|Y21

Y5=> —|Y7/\—|Y8/\—|}79/\—|Y10/\—|Y18/\—|Y]9
(A16)
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Y gAY
Y gAY A=Y A=Y,
Y g A Y A Y,y A Yy,
=Yg A=Yy
Y g A Y A=Y gAY
Y0 A=Yy
Y A Yy

=Yg AYs A=Yig A=Y (A17)

Appendix B: MIDO Model Representation

This Appendix provides a reformulation of the disjunctive
process model (cf. Eqs. A1-A17) stated in Appendix A. We
provide the big-M transformation of the disjunctive and
propositional logic constraints (cf. Eqs. A7-A17). Note that
the first part of the process model, which is independent of
discrete decisions, remains unchanged for a MIDO model
representation

D3i(t) < Dy, tE€[ty.t]
BS(t) <By(1—y,), t€[ty.t]
H$ (1,) = 0.01+10.315y,

HE (1) =0.01+10.315(1— y,) (B1)

(1) = X4y
MG (1—y,) < F% — Dist*1(1,) < Mg (1-y,)

ii(l_yZ)Sxf?%i(tl)_xg'l,i,ucc‘(tl)SM‘)l(L(l_yZ)
xg'l,l,acc.(tl)Zle3
MG (1—y3) < F2 = Hp'(t,) < Mg (1—y3)
j?,(l_y3)ng%i(tl)_xgl,i(tl)SM‘TL(l_yS)
x¢ (1) = X1 Y4
MG (1-y,) < F% = Bot®'(1;) < Mg (1-y,)
Mg (1= yy) < x32(6) = X3 gee (1) < My (1 y,)
x;?;l,4,aL'c:(t1)Z X4y5
MG (1—ys) < F%— H\(t;) < My (1- ys)
Mg (1= ys) < xpx(t) = x&(;) < My (1—ys)
i=1,...4 (B2)

D%:(t) < D3¢y, teft, 1]
B% (1) < B(1-ys),

MG (1-yg) <Hgx(t,)— F2 < Mi(1-y,) (B3)

teft, ]
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MG ys < H (1)) — F% < My yg
0.01=Hy(t,)+ HZ(t,)— FS

x3a(1) = Xay7
MG (1= y;) < F¥% = Dist®(1,) < Mg (1-y;)

c(1-y;)= xtsf,i(tz) - xg'z,i,aca(tZ) <Mij(1-y;)

xg%z,aca(tZ) = X2Ys8
Mg (1—ys) < F5 — Hg(t,) < My (1—y)

Mg (1-yg) < xzsf,i(tz)_ xigz,i(fz) <My (1-yg)

xéz,z(tz)ZXz)’()
MG (1= yg) < F% — Bot*(1,) < My (1- yy)

Mg (1= yg) < x3:(12) = X3 gee (12) < Mg (1= yy)

xlg?étach(tZ) = X4Y10
MG (1= y)) < F% = H2(1;) < My (1= yy)

Mg (1= yy9) < xp(12) = x53(1,) < M3 (1= yy0)
x§f3(t2) = X3Y11

Mf:(l_)’n) <F% - Dmsz(tz) =< M‘IFL(l_YM)

Mg (1= y11) < xp5(12) = X8 4ee (1) < Ma (1= yyy)

(B4)

X aee (12) = X112
Mg (1= y,) < F% — Hi2 (1) <My (1-y,5)

Mg(1-yp,)< xzsafi(tz) - ng?%i(tz) <My (1-y,)

xe2 () = X15Y13
MG (1= y3) < F% = Bot®:(1,) < My (1= y,3)

Mg (1= y13) < x35(12) = X3 aee (12) < My (1= y,3)

X33 ace (12) = X3Y14
MG (1= y,) < F% = HR (1) < My (1= yy4)

ME (1= yy) < xp(ty) = x22(1) < My (1= yi,)
i=1,...,4
D%(t) < Dyis,  tE€[ty,15]
B5(1) <By(1-yi5), t€[t,, 1]
Mg (1=yis) <Hp(t,) = FH <My (1-y;5) (BS)
MEyis < HP(t,) = F5 < M s
0.01=Hy(t,)+ HS(t,)— FS
XE.ace (13) = X2 V16
x33(13) = X3V16
x2(13) = X217
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X550 (13) = XaV17
X85 .ace.(13) = X3Y13
xpa(13) = Xadis
x5(13) = X3Y10
XFace (13) = XaV1o (B6)
X ace(13) = X1Y20
x32(13) = X220
x2i(t) = X1y
x};fz,acc.(%) = X2Y21
The propositional logic expressions given in Eqgs. A13-Al17
are transformed into linear integer constraints according to
Y1ty ty;20
yitystys=1
Yity,tysty,=1 (B7)
YT Y7t ystyutyn=0
Yot Yot Yo+ Yzt yu=l
Y7t ystyotyiotyutyntystyu=1
~ Y15t Y6t Yigt Y2020
Yist Yzt Yot yn=1

Yiet Y7+ Yist Yo+ Yot yau=1 (B8)

ys+yie<1,
Yoty <1,

Yutyie<l,

Yiatyis<1l,

Yatyu<l, y+typ<l, y,+y;3<1
Yoty sl, yatyg<l, yytyp<l
y3ty; <1, y3+yg<l,  ys+yo<i1

Vityi<l, y3+tyn<l, ys;ty;<I (B9)
yaty; <1, y,+yg<l, y,+ys<l1
Vatyio=<l, yytyx<l, yit+yy<1
Ystyn<l, ys+yp<l, ys+y;=<l1
yatyusl, ystyg<l, ystygo=<1

Y7+ yis<l,  y;+y0<l

Ystyir <L, ysgt+yxn<l, ygty;<l1

Yo+ yi7=<1,  yotyy<l, yot+y;<1

Yiotyis<l, yiptyp=<l

yutyr<l, yu+yg<l, y;+yg=<l

Yot ya<1l, yp+y;<l1

Yzt Y=<l yztyy=<l

Yiatyir <1l yutyg<l, yutyo=<l

(B10)

kmol

BS =12——,
U h

The big-M constants are specified according to

kmol

S

Mg=-1, M§i=1, M§=

M =11 kmol
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DS =12——,
U h

—11 kmol

i=1,2,3
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